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PREFACE

The fourteenth edition of Finite Mathematics for Business, Economics, Life Sciences,
and Social Sciences is designed for a one-term course in finite mathematics for stu-
dents who have had one to two years of high school algebra or the equivalent. The
book’s overall approach, refined by the authors’ experience with large sections of col-
lege freshmen, addresses the challenges of teaching and learning when prerequisite
knowledge varies greatly from student to student.

Note that Chapters 1-8 of this text also appear in College Mathematics for
Business, Economics, Life Sciences, and Social Sciences, by the same author team.
The College Mathematics text also contains coverage of applied calculus topics.

The authors had three main goals in writing this text:

1. To write a text that students can easily comprehend

2. To make connections between what students are learning and how they may
apply that knowledge

3. To give flexibility to instructors to tailor a course to the needs of their students.

Many elements play a role in determining a book’s effectiveness for students. Not
only is it critical that the text be accurate and readable, but also, in order for a book
to be effective, aspects such as the page design, the interactive nature of the presenta-
tion, and the ability to support and challenge all students have an incredible impact
on how easily students comprehend the material. Here are some of the ways this text
addresses the needs of students at all levels:

= Page layout is clean and free of potentially distracting elements.

= Matched Problems that accompany each of the completely worked examples
help students gain solid knowledge of the basic topics and assess their own level
of understanding before moving on.

= Review material (Appendix A, B, and Chapter 1) can be used judiciously to help
remedy gaps in prerequisite knowledge.

= A Diagnostic Prerequisite Test prior to Chapter 1 helps students assess their
skills, while the Basic Algebra Review in Appendix B provides students with the
content they need to remediate those skills.

= Explore and Discuss problems lead the discussion into new concepts or build
upon a current topic. They help students of all levels gain better insight into the
mathematical concepts through thought-provoking questions that are effective in
both small and large classroom settings.

= Instructors are able to easily craft homework assignments that best meet the
needs of their students by taking advantage of the variety of types and dif-
ficulty levels of the exercises. Exercise sets at the end of each section consist
of a Skills Warm-up (four to eight problems that review prerequisite knowl-
edge specific to that section) followed by problems divided into categories
A, B, and C by level of difficulty, with level-C exercises being the most
challenging.

=  The MyLab Math course for this text is designed to help students help them-
selves and provide instructors with actionable information about their progress.
The immediate feedback students receive when doing homework and practice
in MyLab Math is invaluable, and the easily accessible eText enhances student
learning in a way that the printed page sometimes cannot.

= Most important, all students get substantial experience in modeling and solving
real-world problems through application examples and exercises chosen from
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business and economics, life sciences, and social sciences. Great care has been
taken to write a book that is mathematically correct, with its emphasis on com-
putational skills, ideas, and problem solving rather than mathematical theory.

Finally, the choice and independence of topics make the text readily adaptable
to a variety of courses.

New to This Edition

Fundamental to a book’s effectiveness is classroom use and feedback. Now in its
fourteenth edition, this text has had the benefit of a substantial amount of both.
Improvements in this edition evolved out of the generous response from a large num-
ber of users of the last and previous editions as well as survey results from instruc-
tors. Additionally, we made the following improvements in this edition:

Redesigned the text in full color to help students better use it and to help moti-
vate students as they put in the hard work to learn the mathematics (because let’s
face it—a more modern looking book has more appeal).

Updated graphing calculator screens to TI-84 Plus CE (color) format.

Added Reminder features in the side margin to either remind students of a con-
cept that is needed at that point in the book or direct the student back to the sec-
tion in which it was covered earlier.

Updated data in examples and exercises. Many modern and student-centered
applications have been added to help students see the relevance of the content.

Analyzed aggregated student performance data and assignment frequency data
from MyLab Math for the previous edition of this text. The results of this analy-
sis helped improve the quality and quantity of exercises that matter the most to
instructors and students.

Rewrote and simplified the treatment of cost, revenue, and profit in Section 1.1.
Added 611 new exercises throughout the text.

Moved the seldom-used chapter “Games and Decisions” online to
www.pearsonglobaleditions.com. Note that all of the resources that for-
merly accompanied this chapter are still available. They are housed within
MyLab Math.

New to MylLab Math

Many improvements have been made to the overall functionality of MyLab Math
since the previous edition. However, beyond that, we have also increased and
improved the content specific to this text.

Instructors now have more exercises than ever to choose from in assigning home-
work. Most new questions are application-oriented. There are approximately 3,340
assignable exercises in MyLab Math for this text. New exercise types include:

* Additional Conceptual Questions provide support for assessing concepts
and vocabulary. Many of these questions are application-oriented.

* Setup & Solve exercises require students to show how they set up a problem
as well as the solution, better mirroring what is required of students on tests.

The Guide to Video-Based Assignments shows which MyLab Math exercises
can be assigned for each video. (All videos are also assignable.) This resource is
handy for online or flipped classes.

The Note-Taking Guide provides support for students as they take notes in class.
The Guide includes definitions, theorems, and statements of examples but has blank
space for students to write solutions to examples and sample problems. The Note-
Taking Guide corresponds to the Lecture PowerPoints that accompany the text. The
Guide can be downloaded in PDF or Word format from within MyLab Math.
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A full suite of Interactive Figures has been added to support teaching and
learning. The figures illustrate key concepts and allow manipulation. They have
been designed to be used in lecture as well as by students independently.

Study Skills Modules help students with the life skills that can make the differ-
ence between passing and failing.

MathTalk and StatTalk videos highlight applications of the content of the
course to business. The videos are supported by assignable exercises.

The Graphing Calculator Manual and Excel Spreadsheet Manual, both spe-
cific to this course, have been updated to support the TI-84 Plus CE (color edi-
tion) and Excel 2016, respectively. Both manuals also contain additional topics
to support the course. These manuals are within the Tools for Success tab.

MyLab Math now contains a downloadable Instructor’s Answers document—
with all answers in one place. (This augments the downloadable Instructor’s
Solutions Manual, which contains even-numbered solutions.)

Trusted Features

Emphasis and Style—As was stated earlier, this text is written for student
comprehension. To that end, the focus has been on making the book both math-
ematically correct and accessible to students. Most derivations and proofs are
omitted, except where their inclusion adds significant insight into a particular
concept as the emphasis is on computational skills, ideas, and problem solving
rather than mathematical theory. General concepts and results are typically pre-
sented only after particular cases have been discussed.

Design—One of the hallmark features of this text is the clean, straightforward
design of its pages. Navigation is made simple with an obvious hierarchy of
key topics and a judicious use of call-outs and pedagogical features. A func-
tional use of color improves the clarity of many illustrations, graphs, and ex-
planations, and guides students through critical steps (see pages 37 and 38).

Examples—More than 300 completely worked examples are used to introduce
concepts and to demonstrate problem-solving techniques. Many examples have
multiple parts, significantly increasing the total number of worked examples.
The examples are annotated using blue text to the right of each step, and the
problem-solving steps are clearly identified. To give students extra help in work-
ing through examples, dashed boxes are used to enclose steps that are usually per-
formed mentally and rarely mentioned in other books (see Example 7 on page 29).
Though some students may not need these additional steps, many will appreciate
the fact that the authors do not assume too much in the way of prior knowledge.

Matched Problems—Each example is followed by a similar Matched Problem
for the student to work while reading the material. This actively involves the
student in the learning process. The answers to these matched problems are
included at the end of each section for easy reference.

Explore and Discuss—Most every section contains Explore and Discuss prob-
lems at appropriate places to encourage students to think about a relationship
or process before a result is stated or to investigate additional consequences of
a development in the text (see pages 36 and 39). This serves to foster critical
thinking and communication skills. The Explore and Discuss material can be
used for in-class discussions or out-of-class group activities and is effective in
both small and large class settings.

Exercise Sets—The book contains over 4,200 carefully selected and graded
exercises. Many problems have multiple parts, significantly increasing the
total number of exercises. Writing exercises, indicated by the icon *\, provide
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students with an opportunity to express their understanding of the topic in
writing. Answers to all odd-numbered problems are in the back of the book.
Exercises are paired so that consecutive odd- and even-numbered exercises are
of the same type and difficulty level. Exercise sets are structured to facilitate
crafting just the right assignment for students:

e Skills Warm-up exercises, indicated by w, review key prerequisite knowledge.

e Graded exercises: Levels B (routine, easy mechanics), B (more difficult
mechanics), and [ (difficult mechanics and some theory) make it easy for
instructors to create assignments that are appropriate for their classes.

* Applications conclude almost every exercise set. These exercises are labeled
with the type of application to make it easy for instructors to select the right
exercises for their audience.

Applications—A major objective of this book is to give the student substantial
experience in modeling and solving real-world problems. Enough applications
are included to convince even the most skeptical student that mathematics is
really useful (see the Index of Applications at the back of the book). Almost
every exercise set contains application problems, including applications from
business and economics, life sciences, and social sciences. An instructor with
students from all three disciplines can let them choose applications from their
own field of interest; if most students are from one of the three areas, then
special emphasis can be placed there. Most of the applications are simplified
versions of actual real-world problems inspired by professional journals and
books. No specialized experience is required to solve any of the application
problems.

Graphing Calculator and Spreadsheets—Although access to a graphing
calculator or spreadsheets is not assumed, it is likely that many students will
want to make use of this technology. To assist these students, optional graph-
ing calculator and spreadsheet activities are included in appropriate places.
These include brief discussions in the text, examples or portions of examples
solved on a graphing calculator or spreadsheet, and exercises for the students
to solve. For example, regression techniques on a graphing calculator are
used at appropriate points to illustrate mathematical modeling with real data.
All the optional graphing calculator material is clearly identified with the
icon [A] and can be omitted without loss of continuity, if desired. Graphing
calculator screens displayed in the text are actual output from the TI-84 Plus
CE (color version) graphing calculator.

Additional Pedagogical Features

The following features, while helpful to any student, are particularly helpful to stu-
dents enrolled in a large classroom setting where access to the instructor is more
challenging or just less frequent. These features provide much-needed guidance for
students as they tackle difficult concepts.

Call-out boxes highlight important definitions, results, and step-by-step pro-
cesses (see pages 40, 47, and 105).

Caution statements appear throughout the text where student errors often occur
(see pages 28 and 93).

Conceptual Insights, appearing in nearly every section, often make explicit
connections to previous knowledge but sometimes encourage students to think
beyond the particular skill they are working on and attain a more enlightened
view of the concepts at hand (see pages 36 and 47).
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= Diagnostic Prerequisite Test, located on page 17, provides students with a
tool to assess their prerequisite skills prior to taking the course. The Basic
Algebra Review, in Appendix B, provides students with seven sections of con-
tent to help them remediate in specific areas of need. Answers to the Diagnostic
Prerequisite Test are at the back of the book and reference specific sections in the
Appendix A, B, and Chapter 1 for students to use for remediation.

= Chapter Reviews—Often it is during the preparation for a chapter exam that
concepts gel for students, making the chapter review material particularly im-
portant. The chapter review sections in this text include a comprehensive sum-
mary of important terms, symbols, and concepts, keyed to completely worked
examples, followed by a comprehensive set of Review Exercises. Answers to
Review Exercises are included at the back of the book; each answer contains a
reference to the section in which that type of problem is discussed so students
can remediate any deficiencies in their skills on their own.

Content

The text begins with the development of a library of elementary functions in
Chapter 1, including their properties and applications. Many students willbe familiar
with most, if not all, of the material in this introductory chapter. Depending on stu-
dents’ preparation and the course syllabus, an instructor has several options for using
the first chapter and appendices including the following:

(i) Skip Chapter 1 and refer to it only as necessary later in the course;

(ii) Cover Appendix A quickly in the first week of the course, emphasizing price—de-
mand equations, price—supply equations, and linear regression, but skip Chapter 1;

@iii) Cover Appendix A and Chapter 1 systematically before moving on to other chapters.

The material in Finite Mathematics can be thought of as four units:

1. Mathematics of finance (Chapter 2)

2. Linear algebra, including matrices, linear systems, and linear programming
(Chapters 3, 4, and 5)

3. Probability and statistics (Chapters 6 and 7)

4. Applications of linear algebra and probability to Markov chains and game theory
(Chapters 8 and 10)

The first three units are independent of each other, while the fourth unit is dependent
on some of the earlier chapters. (Markov chains requires Chapters 3 and 7; game
theory requires Chapters 3—5 and 7).

Chapter 2 presents a thorough treatment of simple and compound interest and pres-
ent and future value of ordinary annuities. Appendix C.1 addresses arithmetic and
geometric sequences and can be covered in conjunction with this chapter, if desired.

Chapter 3 covers linear systems and matrices with an emphasis on using row op-
erations and Gauss—Jordan elimination to solve systems and to find matrix inverses.
This chapter also contains numerous applications of mathematical modeling using
systems and matrices. To assist students in formulating solutions, all answers at the
back of the book for application exercises in Sections 3.3, 3.5, and the chapter Review
Exercises contain both the mathematical model and its solution. The row operations
discussed in Sections 3.2 and 3.3 are required for the simplex method in Chapter 5.
Matrix multiplication, matrix inverses, and systems of equations are required for
Markov chains in Chapter 8.

Chapters 4 and 5 provide a broad and flexible coverage of linear programming.
Chapter 5 covers two-variable graphing techniques. Instructors who wish to emphasize
linear programming techniques can cover the basic simplex method in Sections 5.1
and 5.2 and then discuss either or both of the following: the dual method (Section 5.3)
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and the big M method (Section 5.4). Those who want to emphasize modeling can dis-
cuss the formation of the mathematical model for any of the application examples in
Sections 5.2-5.4, and either omit the solution or use software to find the solution. To
facilitate this approach, all answers at the back of the book for application exercises
in Sections 5.2-5.4 and the chapter Review Exercises contain both the mathematical
model and its solution. The simplex and dual solution methods are required for por-
tions of Chapter 10.

Chapter 6 provides a foundation for probability with a treatment of logic, sets, and
counting techniques.

Chapter 7 covers basic probability, including Bayes’ formula and random variables.

Chapter 9 deals with basic descriptive statistics and more advanced probability dis-
tributions, including the important normal distribution. Appendix C.3 contains a short
discussion of the binomial theorem that can be used in conjunction with the develop-
ment of the binomial distribution in Section 10.4.

Chapters 8 and 10 tie together concepts developed in earlier chapters and apply them
to interesting topics. A study of Markov chains (Chapter 8) or game theory (Chapter
10) provides an excellent unifying conclusion to a finite mathematics course.

Appendix B contains a concise review of basic algebra that may be covered as part
of the course or referenced as needed. As mentioned previously, Appendix C (online
at www.pearsonglobaleditions.com) contains additional topics that can be covered in
conjunction with certain sections in the text, if desired.
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x+ y- z==-5
{ —x+dy+16z= T
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aJ o
-14 16 7
-41 4 -7

(Do not simplify. Type an integer or simplified fraction for each matnx element )

i B EE B
Thasoimnnonhesyslemlsx—s.y— 5 2= 5
(Simplify your answers. Type integers or fractions.)
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‘.3 |a |8 |6 |7 |8
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Diagnostic Prerequisite Test

Work all of the problems in this self-test without using a calculator.
Then check your work by consulting the answers in the back of the
book. Where weaknesses show up, use the reference that follows
each answer to find the section in the text that provides the neces-
sary review.

1. Replace each question mark with an appropriate expres-
sion that will illustrate the use of the indicated real number
property:

(A) Commutative (- ):x(y + z) = ?
(B) Associative (+):2 + (x +y) =?
(C) Distributive: (2 + 3)x = ?

Problems 2—6 refer to the following polynomials:
(A) 3x — 4 (B) x +2
(C) 2 — 3x?

. Add all four.

D) x* + 8

. Subtract the sum of (A) and (C) from the sum of (B) and (D).
. Multiply (C) and (D).

. What is the degree of each polynomial?

A U A W N

. What is the leading coefficient of each polynomial?
In Problems 7 and 8, perform the indicated operations and simplify.
7. 5x% — 3x[4 — 3(x — 2)]
8. (2x + y)(3x — 4y)
In Problems 9 and 10, factor completely.
9. x> + 7x + 10 10. x* — 2x* — 15x
11. Write 0.35 as a fraction reduced to lowest terms.
12. Write % in decimal form.
13. Write in scientific notation:
(A) 4,065,000,000,000 (B) 0.0073
14. Write in standard decimal form:

(A) 2.55 x 108
15. Indicate true (T) or false (F):

(B) 4.06 x 107*

(A) A natural number is a rational number.

(B) A number with a repeating decimal expansion is an
irrational number.

16. Give an example of an integer that is not a natural number.

In Problems 17-24, simplify and write answers using positive ex-
ponents only. All variables represent positive real numbers.

9ubv°
17. 6(xy*)3 18.
(%) 3utod
19. (2 X 10°)(3 X 107%) 20. (x3y?) 72

DIAGNOSTIC PREREQUISITE TEST 17

21. P

50 372
23.;4—;

22. (9a*p2)1/?

24. (xl/Z +yl/2)2

In Problems 25-30, perform the indicated operation and write the
answer as a simple fraction reduced to lowest terms. All variables
represent positive real numbers.

25 940 2. L - &
b a bc ab

2 6 2
2. =% 28 LT
y x ¥y

1

7+h 7 1yt
29 110 1 30, — %
h x2_y2

31. Each statement illustrates the use of one of the following real
number properties or definitions. Indicate which one.

Commutative (+, *) | Associative (+, *) | Distributive
Identity (+, *) | Inverse (+, *) | Subtraction
Division | Negatives | Zero

A) (=7) = (=5) = (=7) + [=(-9)]

B) S5u+ (3v+2)=(3v+2)+ 5u

© (5m —2)(2m +3) = (5m — 2)2m + (5m — 2)3
®) 9-(4y) = (9-4)y

(ED u _ u

—(v—w)
F (x=y)+0=(x—y)

32. Round to the nearest integer:

o 17 S
()3 ()19

33. Multiplying a number x by 4 gives the same result as sub-
tracting 4 from x. Express as an equation, and solve for x.

w —v

34. Find the slope of the line that contains the points
(3, —5) and (—4, 10).

35. Find the x and y coordinates of the point at which the
graph of y = 7x — 4 intersects the x axis.

36. Find the x and y coordinates of the point at which the
graph of y = 7x — 4 intersects the y axis.

In Problems 37-40, solve for x.
37. x* = 5x

38. 3x° =21 =0

39. x> —x—-20=0

4. —6x> +7x — 1 =0
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Functions

and Graphs

Functions

Elementary Functions:
Craphs and
Transformations

Quadratic Functions

Polynomial and Rational
Functions

Exponential Functions

1.6 logarithmic Functions

Introduction

Many marine species are dependent on light from the sun. They will be found
near the surface of the ocean, because light intensity decreases dramatically
with depth. We use the function concept, one of the most important ideas in
mathematics, to express the precise relationship between light intensity and
ocean depth (see Problems 63 and 64 in Section 1.5).

The study of mathematics beyond the elementary level requires a firm under-
standing of a basic list of elementary funcfions (see the references af the back of
the book|. In Chapter 1, we infroduce the elementary functions and study their
properties, graphs, and many applications.
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Functions and Graphs

1.1 Functions

= Fquations in Two Variables

= Definition of a Function

= Funcfions Specified by Equations

= Fynction Notation

= Applications

» <

5x + 8y =40

We introduce the general notion of a function as a correspondence between two sets.
Then we restrict attention to functions for which the two sets are both sets of real
numbers. The most useful are those functions that are specified by equations in two
variables. We discuss the terminology and notation associated with functions, graphs
of functions, and applications.

Equations in Two Variables

The graph of an equation of the form Ax + By = C, where A and B are not both
zero, is a line. Because a line is determined by any two of its points, such an equation
is easy to graph: Just plot any two points in its solution set and sketch the unique line
through them (Fig. 1).

More complicated equations in two variables, such as y = 9 — x? or x* = y*,
are more difficult to graph. To sketch the graph of an equation, we plot enough
points from its solution set in a rectangular coordinate system so that the total graph
is apparent, and then we connect these points with a smooth curve. This process is
called point-by-point plotting.

2

Point-by-Point Plotting  Sketch the graph of each equation.
A)y=9-x (B) x* = y*
SOLUTION

(A) Make up a table of solutions—that is, ordered pairs of real numbers that satisfy
the given equation. For easy mental calculation, choose integer values for x.

x| -4 -3 2 -1 0 1 2 3 4
y | -7 o 5 8 9 8 5 0 -7

After plotting these solutions, if there are any portions of the graph that are
unclear, plot additional points until the shape of the graph is apparent. Then
join all the plotted points with a smooth curve (Fig. 2). Arrowheads are used
to indicate that the graph continues beyond the portion shown here with no
significant changes in shape.

(—4,-7) “4, -7

y=9fx2

Figure2 y = 9 — x?

(B) Again we make a table of solutions—here it may be easier to choose inte-
ger values for y and calculate values for x. Note, for example, that if y = 2,
then x = £4; that is, the ordered pairs (4, 2) and (—4, 2) are both in the
solution set.
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Y x | +9 +4 +1 +1 +4 +9

10 _ y | -3 ) -1 0 1 2
! 5 H We plot these points and join them with a smooth curve (Fig. 3).

2=yt
, ] Matched Problem 1 Sketch the graph of each equation.
» X
—10- -5 5. 10 100
| | | A — xz _ 4 B 2 =
(A)y B) y 241

L
Figure 3 x? = y*
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®B)
Figure 5

Explore and Discuss 1

To graph the equation y = —x> + 3x, we use point-by-point plotting to obtain the

graph in Figure 4.
X y Iy
—1 -2 5

0 0

1 2

Figure 4

(A) Do you think this is the correct graph of the equation? Why or why not?
(B) Add points on the graph for x = —2, —1.5, —0.5, 0.5, 1.5, and 2.
(C) Now, what do you think the graph looks like? Sketch your version of the graph,
adding more points as necessary.
A5 (D) Graph this equation on a graphing calculator and compare it with your graph
from part (C).

The icon in the margin is used throughout this book to identify optional graphing
calculator activities that are intended to give you additional insight into the concepts
under discussion. You may have to consult the manual for your graphing calculator
for the details necessary to carry out these activities. For example, to graph the equa-
tion in Explore and Discuss 1 on most graphing calculators, you must enter the equa-
tion (Fig. 5A) and the window variables (Fig. 5B).

As Explore and Discuss 1 illustrates, the shape of a graph may not be apparent
from your first choice of points. Using point-by-point plotting, it may be difficult
to find points in the solution set of the equation, and it may be difficult to determine
when you have found enough points to understand the shape of the graph. We will
supplement the technique of point-by-point plotting with a detailed analysis of several
basic equations, giving you the ability to sketch graphs with accuracy and confidence.

A

Definition of a Function

Central to the concept of function is correspondence. You are familiar with corre-
spondences in daily life. For example,
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To each person, there corresponds an annual income.

To each item in a supermarket, there corresponds a price.
To each student, there corresponds a grade-point average.
To each day, there corresponds a maximum temperature.

For the manufacture of x items, there corresponds a cost.

For the sale of x items, there corresponds a revenue.

To each square, there corresponds an area.

To each number, there corresponds its cube.

One of the most important aspects of any science is the establishment of correspon-
dences among various types of phenomena. Once a correspondence is known, pre-
dictions can be made. A cost analyst would like to predict costs for various levels of
output in a manufacturing process, a medical researcher would like to know the cor-
respondence between heart disease and obesity, a psychologist would like to predict
the level of performance after a subject has repeated a task a given number of times,
and so on.

What do all of these examples have in common? Each describes the matching of
elements from one set with the elements in a second set.

Consider Tables 1-3. Tables 1 and 2 specify functions, but Table 3 does not. Why
not? The definition of the term function will explain.

Table 1 Table 2 Table 3
Domain Range Domain Range Domain Range
Number Cube Number Square Number Square root

-2 —— -8 *2\‘ 0O——m 0
-1 ——F 1 -1 4 1
0—— 0 0 1 14_1

] ———— 1

0 2
2 ——» g 2 44—2

—_

DEFINITION Function

A function is a correspondence between two sets of elements such that to each ele-
ment in the first set, there corresponds one and only one element in the second set.

The first set is called the domain, and the set of corresponding elements in the
second set is called the range.

Tables 1 and 2 specify functions since to each domain value, there corresponds
exactly one range value (for example, the cube of —2 is —8 and no other number). On
the other hand, Table 3 does not specify a function since to at least one domain value,
there corresponds more than one range value (for example, to the domain value 9,
there corresponds —3 and 3, both square roots of 9).

Explore and Discuss 2

Consider the set of students enrolled in a college and the set of faculty members at
that college. Suppose we define a correspondence between the two sets by saying
that a student corresponds to a faculty member if the student is currently enrolled in
a course taught by that faculty member. Is this correspondence a function? Discuss.
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Functions Specified by Equations

Most of the functions in this book will have domains and ranges that are (infinite)
sets of real numbers. The graph of such a function is the set of all points (x, y) in
the Cartesian plane such that x is an element of the domain and y is the correspond-
ing element in the range. The correspondence between domain and range elements is
often specified by an equation in two variables. Consider, for example, the equation
for the area of a rectangle with width 1 inch less than its length (Fig. 6). If x is the
length, then the area y is given by

y=x(x—1) x=1

For each input x (length), we obtain an output y (area). For example,

f  x=5, then y=5(5—1)=5-4=20.

It ox=1, then y=1(1—1)=1-0=0.

If x=V5 then y=V5\V5-1)=5-V5
~ 2.7639.

The input values are domain values, and the output values are range values. The
equation assigns each domain value x a range value y. The variable x is called an
independent variable (since values can be “independently” assigned to x from the
domain), and y is called a dependent variable (since the value of y “depends” on the
value assigned to x). In general, any variable used as a placeholder for domain val-
ues is called an independent variable; any variable that is used as a placeholder for
range values is called a dependent variable.

When does an equation specify a function?

DEFINITION Functions Specified by Equations

If in an equation in two variables, we get exactly one output (value for the depen-
dent variable) for each input (value for the independent variable), then the equation
specifies a function. The graph of such a function is just the graph of the specifying
equation.

If we get more than one output for a given input, the equation does not spec-
ify a function.

Functions and Equations Determine which of the following equations specify
functions with independent variable x.

(A) 4y — 3x = 8, xareal number (B) y2 — x> =9, xareal number
SOLUTION
(A) Solving for the dependent variable y, we have
4y — 3x =8
4y = 8 + 3x (1)
2 + 3
= —X
Y 4

Since each input value x corresponds to exactly one output value (y = 2 + %x),
we see that equation (1) specifies a function.
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Reminder

Each positive real number u

has two square roots: V'u, the
principal square root, and — \/l;, the
negative of the principal square root
(see Appendix B, Section B.6).

(B) Solving for the dependent variable y, we have
V¥ —x2=9
=9+ )
y=+tV9 + x?

Since 9 + x?is always a positive real number for any real number x, and since
each positive real number has two square roots, then to each input value x there

corresponds two output values (y = —V9 + x*andy = V9 + x?). For ex-
ample, if x = 4, then equation (2) is satisfied for y = 5 and for y = —5. So
equation (2) does not specify a function.

(U CTLEC RS Y Determine which of the following equations specify
functions with independent variable x.

(A) y2 — x* =9, xareal number (B) 3y — 2x = 3, x areal number

Since the graph of an equation is the graph of all the ordered pairs that satisfy
the equation, it is very easy to determine whether an equation specifies a function by
examining its graph. The graphs of the two equations we considered in Example 2 are
shown in Figure 7.

(A) 4y —3x=38 B) y>—x*=9
Figure 7

In Figure 7A, notice that any vertical line will intersect the graph of the equation
4y — 3x = 8 in exactly one point. This shows that to each x value, there corresponds
exactly one y value, confirming our conclusion that this equation specifies a function.
On the other hand, Figure 7B shows that there exist vertical lines that intersect the
graph of y> — x> = 9 in two points. This indicates that there exist x values to which
there correspond two different y values and verifies our conclusion that this equation
does not specify a function. These observations are generalized in Theorem 1.

THEOREM 1 Vertical-Line Test for a Function

An equation specifies a function if each vertical line in the coordinate system passes
through, at most, one point on the graph of the equation.

If any vertical line passes through two or more points on the graph of an equa-
tion, then the equation does not specify a function.
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The function graphed in Figure 7A is an example of a linear function. The
vertical-line test implies that equations of the form y = mx + b, where m # 0,
specify functions; they are called linear functions. Similarly, equations of the form
y = b specify functions; they are called constant functions, and their graphs are
horizontal lines. The vertical-line test implies that equations of the form x = a do not
specify functions; note that the graph of x = a is a vertical line.

In Example 2, the domains were explicitly stated along with the given equations.
In many cases, this will not be done. Unless stated to the contrary, we shall adhere
to the following convention regarding domains and ranges for functions specified by
equations:

If a function is specified by an equation and the domain is not indi-
cated, then we assume that the domain is the set of all real-number
replacements of the independent variable (inputs) that produce real
values for the dependent variable (outputs). The range is the set of all
outputs corresponding to input values.

Finding a Domain Find the domain of the function specified by the equation
y = V4 — x, assuming that x is the independent variable.

SOLUTION For y to be real, 4 — x must be greater than or equal to O; that is,
4 —x=0
—x=—4
x=4 Sense of inequality reverses when both sides are divided by —1.

Domain: x = 4 (inequality notation) or (—, 4] (interval notation)

GG RS ET R Find the domain of the function specified by the equa-
tiony = Vx — 2, assuming x is the independent variable.

—

Function Notation

We have seen that a function involves two sets, a domain and a range, and a cor-
respondence that assigns to each element in the domain exactly one element in the
range. Just as we use letters as names for numbers, now we will use letters as names
for functions. For example, f and g may be used to name the functions specified by
the equations y = 2x + landy = x* + 2x — 3:

fi y=2x+1
g y=x>+2x-13 3)

If x represents an element in the domain of a function f, then we frequently use
the symbol

fx)
in place of y to designate the number in the range of the function f to which x is
paired (Fig. 8). This symbol does not represent the product of f and x. The symbol
f(x) is read as “fof x,” “fat x,” or “the value of fat x.” Whenever we write y = f(x),
we assume that the variable x is an independent variable and that both y and f(x) are
dependent variables.
Using function notation, we can now write functions f and g in equation (3) as

flx) =2x + 1 and  g(x) =x>+2x—3
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Reminder

Dashed boxes are used throughout But 'V —3 is not a real number. Since we have agreed to restrict the domain of
the book to represent steps that are a function to values of x that produce real values for the function, —2 is not in
usually performed mentally. the domain of %, and 2(—2) does not exist.

CHAPTER 1 Functions and Graphs

Let us find f(3) and g(—5). To find f(3), we replace x with 3 wherever x occurs in
f(x) = 2x + 1 and evaluate the right side:

flx) =2x + 1
f(3) =2-3+1
=6+1=17 For input 3, the output is 7.
Therefore,
f(3) =7 The function f assigns the range value 7 to the domain value 3.

To find g(—5), we replace each x by —5in g(x) = x> + 2x — 3 and evaluate
the right side:

g(x) =x*+2x—3
g(—=5) = (-5)?+2(-5) -3
=25—-10—-3=12 For input —5, the output is 12.
Therefore,
g(=3) =12 The function g assigns the range value 12 to the domain value —5.
It is very important to understand and remember the definition of f(x):

For any element x in the domain of the function f, the symbol f(x) rep-
resents the element in the range of f corresponding to x in the domain
of f. If x is an input value, then f(x) is the corresponding output value.
If x is an element that is not in the domain of f, then f is not defined at x
and f(x) does not exist.

m Function Evaluation For f(x) = 12/(x — 2),g(x) = 1 — x% and

h(x) = Vx — 1, evaluate:
(A) fl6)  ®B)g(=2)  (© r(=2) (D) f0) + g(1) — ~(10)
SOLUTION

12 12

@& fl6) =c—5 =, =3

B)g(—2) =1-(-2)> =1-4=-3
(€ h(-2) =V-2-1 =V=-3

D) £(0) + g(1) — h(10) = + (1 -1 - V10 — 1

0-2
12
=—+0-V9
-2
=—-6-3=-9
G EC NI EN WS Use the functions in Example 4 to find

_ _ _ 13)
@W-2) B ©h(=8) O L
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m Finding Domains Find the domains of functions £, g, and A:

f()c)le_z2 gx)=1-x*  h(x)=Vx—1

SOLUTION Domain of f: 12/ (x — 2) represents a real number for all replacements
of x by real numbers except for x = 2 (division by 0 is not defined). Thus, f(2)
does not exist, and the domain of fis the set of all real numbers except 2. We often
indicate this by writing

12

x—2

flx) = x #2

Domain of g: The domain is R, the set of all real numbers, since 1 — x? represents

a real number for all replacements of x by real numbers.

Domain of h: The domain is the set of all real numbers x such that V' x — 1 is areal
number; so

\Y

0

x =1 or, ininterval notation, [1, »)

Matched Problem 5 Find the domains of functions F, G, and H:

F(x) =x*—3x+1 G(x) = > H(x) = V2 —x

x+ 3
-

x — 1

In addition to evaluating functions at specific numbers, it is important to be able
to evaluate functions at expressions that involve one or more variables. For example,
the difference quotient

fx + 1) — flx)
h

x and x + hin the domain of f, h # 0

is studied extensively in calculus.

| cONcEPTUAL RUITLL

In algebra, you learned to use parentheses for grouping variables. For example,
2(x + h) = 2x + 2h

Now we are using parentheses in the function symbol f( x). For example, if
f(x) = x2, then

fx+h)=(x+h)>=x>+2xh + I

Note that f(x) + f(h) = x> + h* # f(x + h). That is, the function name
fdoes not distribute across the grouped variables (x + &), as the “2” does in
2(x + h) (see Appendix B, Section B.2).

m Using Function Notation For f(x) = x> — 2x + 7, find

(A) f(a) (B) f(a +h)

) fla +h) —f(a)
h

©) fla+h)—f(a) (D , h#0
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SOLUTION
A) fla) =a*> —2a+ 17
B) fla+h) =(a+h)?>—=2(a+h)+7=a>+2ah+h —2a—2h+7
©) fla+h) —fla) = (a®>+2ah + ¥ —2a—2h+7) — (a* —2a+7)
= 2ah + I* — 2h
a+h)—fla) 2ah+n—2h h(2a+h—2
(D) i )~ fla) =< = ( ) Because h # 0, - 1.
h h h h
=2a+h—2
e L S K- ®» Repeat Example 6 for f(x) = x*> — 4x + 9.
-
Applications

If we reduce the price of a product, will we generate more revenue? If we increase
production, will our profits rise? Profit-loss analysis is a method for answering such
questions in order to make sound business decisions.

Here are the basic concepts of profit-loss analysis: A manufacturing company
has costs, C, which include fixed costs such as plant overhead, product design, setup,
and promotion and variable costs that depend on the number of items produced. The
revenue, R, is the amount of money received from the sale of its product. The com-
pany takes a loss if R < C, breaks even if R = C, and has a profit if R > C. The
profit P is equal to revenue minus cost; that is, P = R — C. (So the company takes
aloss if P < 0, breaks even if P = 0, and has a profit if P > 0.) To predict its rev-
enue, a company uses a price-demand function, p(x), determined using historical
data or sampling techniques, that specifies the relationship between the demand x and
the price p. A point (x, p) is on the graph of the price—demand function if x items can
be sold at a price of $p per item. (Normally, a reduction in the price p will increase
the demand x, so the graph of the price—demand function is expected to go downbhill
as you move from left to right.) The revenue R is equal to the number of items sold
multiplied by the price per item; that is, R = xp.

Cost, revenue, and profit can be written as functions C(x), R(x), and P(x) of the
independent variable x, the number of items manufactured and sold. The functions
C(x), R(x), P(x), and p(x) often have the following forms, where a, b, m, and n are
positive constants determined from the context of a particular problem:

Cost function
C(x) =a+ bx C = fixed costs + variable costs

Price—demand function

p(x) =m — nx x is the number of items that can be sold at $p per item
Revenue function
R(x) = xp R = number of items sold X price per item
= x(m — nx)
Profit function

P(x) = R(x) = C(x)
= x(m — nx)—(a + bx)

Do not confuse the price—demand function p(x) with the prof-
it function P(x). Price is always denoted by the lowercase p.
Profit is always denoted by the uppercase P. Note that the revenue and profit func-
tions, R(x) and P(x), depend on the price-demand function p(x), but C(x) does not. A
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Example 7 and Matched Problem 7 provide an introduction to profit—loss analysis.

Price-Demand and Revenue A manufacturer of a popular digital camera whole-
sales the camera to retail outlets throughout the United Kingdom. Using statistical
methods, the financial department in the company produced the price—demand data
in Table 4, where p is the wholesale price per camera at which x million cameras are
sold. Notice that as the price goes down, the number sold goes up.

Table 4 Price-Demand

x (millions) p($)
2 87
5 68
8 53
12 37

Using special analytical techniques (regression analysis), an analyst obtained

Table 5 Revenue the following price-demand function to model the Table 4 data:
x (millions) | R(x) (million $) p(x) = 94.8 — 5x l=x=15 “4)

1 90
3 (A) Plot the data in Table 4. Then sketch a graph of the price-demand function in
6 the same coordinate system.
9 (B) What is the company’s revenue function for this camera, and what is its domain?

12 (C) Complete Table 5, computing revenues to the nearest million dollars.

15

(D) Plot the data in Table 5. Then sketch a graph of the revenue function using these
points.

A (E) Graph the revenue function on a graphing calculator.
SOLUTION

(A) The four data points are plotted in Figure 9. Note that p(1) = 89.8 and
p(15) = 19.8. So the graph of the price-demand function is the line through
(1, 89.8) and (15, 19.8) (see Fig. 9).

pEX)

100

50

Price per camera ($)

5 10 15
Million cameras

Figure 9 Price-demand

In Figure 9, notice that the model approximates the actual datain Table 4, and it is
assumed that it gives realistic and useful results for all other values of x between
1 million and 15 million.

(B) R(x) = xp(x) = x(94.8 — 5x) million dollars
Domain: 1 = x = 15
[Same domain as the price—demand function, equation (4).]
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R‘(:\t) © Table 5 Revenue
500 x (millions) R(x) (million $)
1 90
} 400 3 239
k= 6 389
= 300
s 9 448
:éf 200 12 418
g 15 297
100
. (D) The six points from Table 5 are plotted in Figure 10. The graph of the revenue
5 10 15 function is the smooth curve drawn through those six points.
o Million cameras A (E) Figure 11 shows the graph of R(x) = x(94.8 — 5x) on a graphing calculator.
igure
CHLEC NI EN WA The financial department in Example 7, using statistical
techniques, produced the data in Table 6, where C(x) is the costin millions of dollars
500

for manufacturing and selling x million cameras.

Table 6 Cost Data

x (millions) C(x) (million $)
i 1 175
Mttt rilS 5 260
. 8 305
Figure 11 12 395

Using special analytical techniques (regression analysis), an analyst produced the
following cost function to model the Table 6 data:

C(x) =156 + 19.7x 1 =x=15 (5)

(A) Plot the data in Table 6. Then sketch a graph of equation ( 5) in the same coor-
dinate system.

(B) Using the revenue function from Example 7(B), what is the company’s profit
function for this camera, and what is its domain?

(C) Complete Table 7, computing profits to the nearest million dollars.

Table 7 Profit
x (millions) P(x) (million $)
1 —86

3

6

9

12

15

(D) Plot the data in Table 7. Then sketch a graph of the profit function using these
points.

A (E) Graph the profit function on a graphing calculator.

-



